Abstract. We prove that the classical Oka property of a complex manifold Y, concerning the existence and homotopy classification of holomorphic mappings from Stein manifolds to Y, is equivalent to a Runge approximation property for holomorphic maps from compact convex sets in Euclidean spaces to Y .
INTRODUCTION
Motivated by the pioneering works of Oka [36] and Grauert [20] , [21] , [22] we say that a complex manifold Y enjoys the Oka property if for any Stein manifold X, compact O(X)-convex subset K of X and continuous map f 0 : X → Y which is holomorphic in an open neighborhood of K, there exists a homotopy of continuous maps f t : X → Y (t ∈ [0, 1]) such that for every t ∈ [0, 1] the map f t is holomorphic in a neighborhood of K and uniformly close to f 0 on K, and f 1 is holomorphic on X. The Oka property and its generalizations play a central role in analytic and geometric problems on Stein manifolds and the ensuing results are commonly referred to as the Oka principle. Applications include the homotopy classification of holomorphic fiber bundles with complex homogeneous fibers (the Oka-Grauert principle [22] , [5] , [27] ) and optimal immersion and embedding theorems for Stein manifolds [7] , [39] ; for futher references see the surveys [35] and [13] .
In this paper we show that the Oka property is equivalent to a Runge-type approximation property for holomorphic mappings from Euclidean spaces, thereby answering a question of Gromov ([24] , p. 881, 3.4 
.(D)).
Theorem 0.1. If Y is a complex manifold such that any holomorphic map from a neighborhood of a compact convex set K ⊂ C n (n ∈ N) to Y can be approximated uniformly on K by entire maps C n → Y then Y satisfies the Oka property.
The hypothesis on the manifold Y in theorem 0.1 will be referred to as the convex approximation property (CAP) of Y . The converse implication is obvious and hence the two properties are equivalent:
CAP ⇐⇒ the Oka property.
For a more precise and effective result see theorem 1.2 below. An analogous equivalence holds between the parametric Oka property and the parametric convex approximation property (theorem 5.1).
The equivalence of the Oka property with the seemingly much weaker convex approximation property is rather striking since linear convexity is not a biholomorphically invariant property and it only rarely suffices to fully describe global complex analytic phenomenona. (For the role of convexity in complex analysis we refer the reader to Hörmander's monograph [29] .) To our knowledge CAP is the first known characterization of the Oka property which is stated purely in terms of holomorphic maps from Euclidean spaces and which does not involve additional parameters. We do not see a way of deducing the Oka property from CAP by applying Fornaess's convex embedding theorem [8] since a given map X → Y need not admit a continuous extension from X to the ambient Euclidean space C N into which X is embedded. (In addition, to apply CAP, the extension would even have to be holomorphic on a convex set in C N containing the image of K.)
Among the conditions on a complex manifold which are known to imply the Oka property we mention homogeneity under a complex Lie group (Grauert [21] , [22] ), the existence of a dominating holomorphic spray (Gromov [24] ), and the existence of a finite dominating family of holomorphic sprays, [11] (the latter properties refer to the existence of holomorphic maps from total spaces of holomorphic vector bundles over the manifold to the base with certain domination properties along the zero section). The convex approximation property follows easily from any of the above (see the Runge-type approximation theorems in [20] , [21] , [24] , [17] , [19] , [11] ). Homogeneity is not implied by the Oka property, but it is unknown whether the other two properties are equivalent to the Oka property or to each other; see the discussion in §3 of [24] and [33] , [34] .
Our new characterization of the Oka property often simplifies its proof; this is the case for the complements of thin (codimension at least two) algebraic subvarieties in algebraic manifolds which are Zariski locally algebraically equivalent to affine spaces (example 6.1). It also enables us to establish the Oka property for a wider class of complex manifolds, in particular for certain types of fibrations (corollary 1.4), Hopf manifolds, complements of finitely many points in any complex torus of dimension at least two, etc. (see §6 below and [16]).
The main results
Let z = (z 1 , . . . , z n ) be the coordinates on C n , with z j = x j + iy j . Set
A special convex set in C n is a compact convex subset of the form
where h is a smooth concave function with values in (−1, 1). Definition 1.1. A complex manifold Y satisfies the n-dimensional convex approximation property (CAP n ) if any holomorphic map f : Q → Y from a set of the form (1.2) can be approximated uniformly on Q by holomorphic maps P → Y . Y satisfies CAP = CAP ∞ if it satisfies CAP n for every n ∈ N.
Obviously CAP n =⇒ CAP k when n > k, but the converse fails in general for n ≤ dim Y (example 1.6). An induction over an increasing sequence of cubes exhausting C n shows that CAP n is equivalent to the Runge approximation of holomorphic maps Q → Y on special convex sets (1.2) by entire maps C n → Y .
We denote by O(X) the algebra of all holomorphic functions on X.
We say that a map is holomorphic on a compact set K ⊂ X if it is holomorphic in an unspecified open neighborhood of K in X; for a homotopy of maps the neighborhood should not depend on the parameter. Note that the Oka property of Y is just the Oka-Grauert principle for sections of the trivial (product) bundle X × Y → X over any Stein manifold X.
A continuous map satisfying the homotopy lifting property is called a Serre fibration [41] , p. 8. For the definition of a subelliptic submersion see [11] , p. 529; for a holomorphic fiber bundle Y → Y 0 this is equivalent to subellipticity (the existence of a dominating family of holomorphic sprays) of the fiber. Note that CAP 1 is an opposite property of Kobayashi-Brody hyperbolicity [30] , [2] which excludes nonconstant entire maps C → Y . Also, CAP n for n ≤ dim Y is opposite to n-dimensional Kobayashi-Eisenman-Brody hyperbolicity [6] . If n ≥ p = dim Y then CAP n of Y implies the existence of dominating holomorphic maps
it is not of general Kodaira type [32] , [4] , [31] . For a comprehensive discussion of dominability of complex surfaces see [3] , and for further examples see [16] .
Example 1.6. For every 1 < k ≤ p there exists a p-dimensional complex manifold which satisfies CAP k−1 but not CAP k .
Indeed, for k = p we can take Y = C p \A where A is a discrete subset of C p which is rigid in the sense of Rosay and Rudin [38] (p. 60); Y satisfies CAP p−1 since most holomorphic maps C p−1 → C p avoid A for dimension reasons, but CAP p fails by the definition of a rigid set. For 1 < k < p we take
proper holomorphic embedding whose complement is k-hyperbolic, i.e., every entire map C k → C p whose range omits φ(C p−k ) has rank < k at every point (such maps have been constructed in [10] ). Thus CAP k fails while CAP k−1 holds since most holomorphic maps
where A is a rigid discrete set in C k .
The proof of theorem 1.2 ( §3) is a synthesis of several recent developments from [14] and [15] . A main ingredient is a generalized Cartan lemma (lemma 2.1 below). Another essential tool developed in [14] allows one to pass a critical level of a strongly plurisubharmonic exhaustion function on the given Stein manifold by reducing the problem to the noncritical case for a different strongly plurisubharmonic function. In applications of the Oka property one often needs the stronger parametric version which is equivalent to the parametric convex approximation property (theorem 5.1).
A Cartan type splitting lemma
Let X be a complex manifold and A, B compact subsets of X satisfying the following:
-A ∪ B admits a basis of Stein neighborhoods in X, and -A\B ∩ B\A = ∅ (the separation property).
Such (A, B) will be called a Cartan pair in X. Set C = A ∩ B. Let D be a compact subset with a basis of Stein neighborhoods in a complex manifold T . With these assumptions we have the following.
is an injective holomorphic map in an open neighborhood Ω C ⊂ X ×T of C×D which is sufficiently uniformly close to the identity map then there exist open neighborhoods Ω A , Ω B ⊂ X ×T of A×D respectively B ×D and injective holomorphic maps α : Ω A → X ×T , β : Ω B → X × T of the form α(x, t) = (x, a(x, t)), β(x, t) = (x, b(x, t)), close to the identity map on their respective domains and satisfying
We shall use lemma 2.1 with D a closed ball in T = C p for various values of p ∈ N. Lemma 2.1 generalizes the classical Cartan lemma [25] (p. 199) in which A, B and C = A ∩ B are cubes in C n and a, b, c are invertible linear functions of t ∈ C p depending holomorphically on the base variable x.
Lemma 2.1 follows from theorem 4.1 in [14] by applying the latter result with the Cartan pair (A × D, B × D) in the manifold X × T and with the 'vertical' foliation F with leaves {x} × T , x ∈ X. The map γ is an F -map in the terminology of [14] , meaning that it preserves the connected components of the leaves of F (plaques) in distinguished local charts. If γ is sufficiently close to the identity in a neighborhood of C × D then theorem 4.1 in [14] furnishes a required decomposition where α and β are F -maps which are close to the identity in a neighborhood of A × D respectively B × D. The proof of theorem 4.1 in [14] uses a Nash-Moser iteration in which the linearized problem is solved by the ∂-technique.
Certain generalizations of lemma 2.1 are possible. For example, if Σ is a closed complex subvariety of X × T which does not intersect C × D then α and β in (2.1) can be chosen tangent to the identity map to a given finite order along Σ (see theorem 4.1 in [14] ).
Proof of theorem 1.2
We use Grauert's bumping method as in Henkin and Leiterer [27] or [24] , [17] , with the important additions introduced in [14] and [15] . Assume that Y is a complex manifold satisfying CAP. Let X be a Stein manifold, K ⊂ X a compact O(X)-convex subset of X and f : X → Y a continuous map which is holomorphic in an open set U ⊂ X containing K. We shall modify f in a countable sequence of steps to obtain a holomorphic map X → Y homotopic to f and approximating it uniformly on K. The goal of every step is to enlarge the domain of holomorphicity and thus obtain a sequence of maps X → Y which converges uniformly on compacts in X to a holomorphic map homotopic to the initial map.
Choose a smooth strongly plurisubharmonic Morse exhaustion function ρ : X → R such that ρ| K < 0 and {ρ ≤ 0} ⊂ U . Let X t = {ρ ≤ t}. It suffices to prove that for any 0 ≤ c 0 < c 1 such that c 0 and c 1 are regular values of ρ, a continuous map f : X → Y which is holomorphic on X c0 can be deformed by a homotopy of maps f t : X → Y (t ∈ [0, 1]) to a map f 1 which is holomorphic on X c1 , where f t is holomorphic and arbitrarily uniformly close to f = f 0 on X c0 for every t ∈ [0, 1]. There are two main cases to consider:
The noncritical case: dρ = 0 on the set {x ∈ X : c 0 ≤ ρ(x) ≤ c 1 }.
The critical case: there is a point p ∈ X with c 0 < ρ(p) < c 1 such that dρ p = 0. (We may assume that there is a unique such p.)
A reduction of the critical case to the noncritical one has been explained in §6 of [15] . It is based on a technique developed in the construction of holomorphic submersions of Stein manifolds to Euclidean spaces [14] and is accomplished in three steps, the first two of which do not require any special properties of Y :
Step 1: Let f : X → Y be a continuous map which is holomorphic in a neighborhood of X c for some c < ρ(p) close to ρ(p). By a small modification we make f smooth on a totally real handle E attached to X c and passing through the critical point p. (In suitable local coordinates near p this handle is the stable manifold of p for the gradient flow of ρ).
Step 2: We approximate f on the handlebody X c ∪ E by a map which is holomorphic in an open neighborhood (theorem 3.2 in [15] ).
Step 3: We approximately extend the map from the second step across the critical level {ρ = ρ(p)} by applying the noncritical case for a different strongly plurisubharmonic function on X constructed for this purpose. After reaching X c ′ for some c ′ > ρ(p) we revert back to ρ and continue (by the noncritical case) to the next critical level.
For the details we refer to [14] and [15] .
It remains to explain the noncritical case. Let z = (z 1 , . . . , z n ), z j = u j + iv j , denote the coordinates on C n , n = dim X. Set
and P ′ = {z ∈ P : v n = 0}. Let A ⊂ X be a compact strongly pseudoconvex domain in X. We say that a compact subset B ⊂ X is a convex bump on A if there exist an open neighborhood V ⊂ X of B, a biholomorphic map φ : V → P onto the set (3.1) and smooth strongly concave functions h, h : P ′ → [−s, s] for some 0 < s < 1 such that h ≤ h, h = h near the boundary of P ′ and
We also require that (i) A\B ∩ B\A = ∅ and (ii) C = A ∩ B is Runge in A (i.e., every function holomorphic in a neighborhood of C can be approximated on C by functions holomorphic in a neighborhood of A). If f 0 and f 1 are sufficiently close on A then there clearly exists a holomorphic homotopy from f 0 to f 1 . As we shall see in the proof, if Y satisfies CAP N with N = p + [ 1 2 (3n + 1)] then we may omit the hypothesis that C is Runge in A. We don't know whether CAP p would suffice.
Assuming proposition 3.1 we can complete the proof of the noncritical case (and hence of theorem 1.2) as follows. Using Narasimhan's lemma on local convexification of strongly pseudoconvex domains one can obtain a finite sequence X c0 = A 0 ⊂ A 1 ⊂ . . . ⊂ A k0 = X c1 of compact strongly pseudoconvex domains in X such that for every k = 0, 1, . . . , k 0 − 1 we have A k+1 = A k ∪ B k where B k is a convex bump on A k (lemma 12.3 in [28] ). Furthermore, each of the sets B k may be chosen small (contained in an element of a prescribed open covering of X). The separation condition (i) for the pair (A k , B k ), introduced just before proposition 3.1, is trivial to satisfy while (ii) is only a small addition (for example, one can use local convexification of a strongly pseudoconvex domain A given by holomorphic functions defined in a neighborhood of A; see [8] , p. 530, proposition 1, or [26] ). It remains to apply proposition 3.1 inductively to every pair (A k , B k ), k = 0, 1, . . . , k 0 − 1. This completes the proof of the noncritical case (and hence of theorem 1.2) provided that proposition 3.1 holds.
Proof of proposition 3.1. Let P be the cube (3.1). Choose r ′ < r < 1 such that φ(B) ⊂ r ′ P . The set
is special compact convex in C n of the form (1.2) (with respect to the closed cube rP ), and C = A ∩ B is contained in Q 0 = φ −1 (Q) ⊂ X.
Proof. F 0 (U ), being a closed Stein submanifold of the complex manifold U × Y , admits an open Stein neighborhood in U × Y , [40] . Let π X : X × Y → X denote the projection (x, y) → x. The set E = ker dπ X ⊂ T (X × Y ) is a holomorphic vector subbundle of rank p = dim Y consisting of vectors ξ ∈ T (X × Y ) are tangent to the fibers of π X . Since Q 0 is contractible, E is trivial over a neighborhood of F 0 (Q 0 ) in X ×Y and hence is generated there by p holomorphic sections, i.e., vector fields tangent to the fibers of π X . Since C is Runge in A, these sections can be approximated uniformly on F 0 (C) by holomorphic sections ξ 1 , . . . , ξ p of E, defined in a neighborhood of F 0 (A) in X × Y , which still generate E over a neighborhood of F 0 (C). The flow θ j t of ξ j is well defined for sufficiently small t ∈ C. The map
defined and holomorphic for x in a neighborhood of A and for t = (t 1 , . . . , t p ) in a neighborhood of the origin in C p , satisfies lemma 3.2.
We continue with the proof of proposition 3.1. Let F and W ⊂ C p be as in lemma 3.2. Choose a closed cube D ⊂ W centered at 0. Then Q := Q × D ⊂ C n+p is a special compact convex set of the form (1.2) with respect to the closed cube P := rP × D ⊂ C n+p . Since Y is assumed to satisfy CAP n+p , we can approximate the map f (z, t) := f (φ −1 (z), t) ∈ Y uniformly on a compact convex neighborhood of Q by an entire map g : C n+p → Y . (This is the only place in the proof where CAP is used.) Setting g(x, t) = g(φ(x), t) for x ∈ V , t ∈ C p gives a holomorphic map g : V × C p → Y which approximates f uniformly in a neighborhood of Q 0 × D in X × C p . It follows that g(x, · ) : C p → Y is uniformly close to f (x, · ) in a neighborhood of D (and hence injective holomorphic) for every fixed x in a neighborhood of C.
If the approximation is sufficiently close, there is a (unique) injective holomorphic map γ(x, t) = (x, c(x, t)) ∈ X × C p , defined and uniformly close to the identity in an open neighborhood
Lemma 2.1 gives a decomposition γ = β • α −1 with α(x, t) = (x, a(x, t)), β(x, t) = (x, b(x, t)) close to the identity maps in their respective domains
Setting t = 0 the two sides define a holomorphic map f 1 : A ∪ B → Y which approximates f 0 = f (· , 0) uniformly on A (since a(x, 0) ≈ 0 for x ∈ A).
This completes the proof of proposition 3.1 for maps X → Y . The same proof applies to sections of a holomorphic fiber bundle Z → X with fiber Y since we may choose our bump B small enough to insure that the bundle is trivial over a neighborhood of B.
Remark 3.3. The restriction of a rank p holomorphic vector bundle E to an ndimensional Stein manifold is generated by p + [ 
which concludes the proof as before.
Remark 3.5. The property CAP n is reminiscent of the Property S n introduced in [15] which requires that any holomorphic submersion f : K → Y from a special compact convex set K ⊂ C n , n ≥ dim Y , is approximable by entire submersions C n → Y . By theorem 2.1 in [15] Property S n of Y implies that holomorphic submersions from any n-dimensional Stein manifold to Y satisfy the homotopy principle analogous to the one for smooth submersions [37] , [23] . The similarity of the two conditions is not merely apparent: Our proof unifies the construction of holomorphic maps from Stein manifolds with that of noncritical holomorphic functions and submersions in [14] and [15] . n → Y which approximates g uniformly on L. By lemma 3.4 in [15] there exists a holomorphic retraction ρ x of an open neighborhood of the fiber R x = π −1 (g 1 (x)) ⊂ Y in the manifold Y onto R x which depends holomorphically on x ∈ U (lemma 3.4 in [15] ). If g and g 1 are sufficiently uniformly close on L then f (x) belongs to the domain of ρ x for every x ∈ L and we define f 1 (x) = ρ x (f (x)) for x ∈ L. Then f 1 is holomorphic and approximates f uniformly on L, and π • f 1 = g 1 . Since π is a Serre fibration, f 1 extends to a continuous map
n . Since g 1 is holomorphic and π is a subelliptic submersion, theorem 1.3 in [12] furnishes an entire map f : C n → Y such that π • f = g 1 and f | K approximates This completes the proof of theorem 1.3. Note that contractibility of K was essential in the last part of the proof, and we do not know how to do this without using appealing to the main theorem. The existence of sprays on Y does not seem to help since they do not necessarily pass down to Y 0 .
The parametric convex approximation property
We recall the notion of the parametric Oka property (POP) which is essentially the same as Gromov's (Ell ∞ ) property ( [24] , §3.1); see also theorem 1.5 in [18] . Let P be a compact Hausdorff space (the parameter space) and P 0 ⊂ P a closed subset of P which is a strong deformation retract of some neighborhood in P . (In applications P is a polyhedron and P 0 a subpolyhedron.) Given a Stein manifold X and a compact O(X)-convex subset K in X we consider continuous maps f : X × P → Y such that for every p ∈ P the map f p = f (· , p) : X → Y is holomorphic in an open neighborhood of K in X (independent of p ∈ P ), and for every p ∈ P 0 the map f p is holomorphic on X. We say that Y satisfies the parametric Oka property (POP) if for every such data (X, K, P, P 0 , f ) there is a homotopy f t : X × P → Y (t ∈ [0, 1]) consisting of maps satisfying the same properties as f 0 = f such that -the homotopy is fixed on P 0 (i.e., f p t = f p when p ∈ P 0 and t ∈ [0, 1]), -f t approximates f uniformly on K × P for all t ∈ [0, 1], and -f p 1 : X → Y is holomorphic for every p ∈ P . We say that a complex manifold Y satisfies the parametric convex approximation property, abbreviated PCAP, if the above holds for any special compact convex set K of the form (1.2) in X = C n for any n ∈ N. Theorem 5.1 is obtained by following the proof of theorem 1.2 ( §3) but using the requisite tools with continuous dependence on the parameter p ∈ P . Precise arguments of this kind can be found in [17] , [18] and we leave out the details.
An analogue of theorem 1.3 holds for ascending/descending of the parametric Oka property (POP) in a subelliptic Serre fibration π : Y → Y 0 . The implication POP of Y 0 =⇒ POP of Y holds for any compact Hausdorff parameter space P and is proved as before by using the parametric version of all tools. However, we can prove the converse implication only for a contractible parameter space P since we must lift a map K × P → Y 0 (with K a compact convex set in C n ) to a map K × P → Y .
Examples and open problems
We This was proved in [11] by showing that such Y admits a finite dominating family of sprays and hence the main result of [11] applies. Here we give a simple argument to the effect that Y enjoys CAP. Let f : Q → Y be a holomorphic map from a special compact convex set Q ⊂ P ⊂ C n (1.2). An elementary argument shows that f can be approximated uniformly on Q by an algebraic map f :
is an algebraic subvariety of codimension at least two which does not intersect Q. (If Y 0 = C p we may take a suitable polynomial approximation of f , and the other cases easily reduce to this one; see e.g. [15] .) By lemma 3.4 in [14] there is a holomorphic automorphism ψ of C n which approximates the identity map in a neighborhood of Q and satisfies ψ(P ) ∩ Σ = ∅. Indeed, a Hopf manifold is a holomorphic quotient of C q \{0} by an infinite cyclic group of dilations of C q , q ≥ 2 ([1], p. 225); they are non-algebraic and nonKählerian. Since C q \{0} enjoys CAP (example 6.1), the conclusion follows from corollary 1.4. To see this, let Γ ⊂ C q be a lattice of maximal rank 2q and π : C q → C q /Γ = T q the universal covering of the associated torus. Choose finitely many points t 1 , . . . , t m ∈ T q and preimages p j ∈ C q with π(p j ) = t j for j = 1, . . . , m. The discrete set Γ 0 = ∪ m j=1 (Γ + p j ) ⊂ C q is tame according to proposition 4.1 in [3] (that proposition is stated for q = 2, but the result remains valid for q ≥ 2). Hence the complement Y = C q \Γ 0 admits a dominating spray and therefore satisfies the Oka property [24] , [17] . Since π| Y : Y → T q \{t 1 , . . . , t m } is a holomorphic covering projection, corollary 1.4 implies that the latter set also enjoys the Oka property. The same argument applies if the lattice Γ has less than maximal rank. This follows from corollary 1.4 since any complex homogeneous manifold admits a dominating spray. Problem 6.5. Let B be a closed ball in C p for some p ≥ 2. Does C p \B satisfy CAP (and hence the Oka property) ? Does C p \B admit any nontrivial holomorphic sprays ?
In other words, given a compact convex set K ⊂ C n and a holomorphic map f : K → C p with f (K) ∩ B = ∅, is it possible to approximate f by entire maps C n → C p which avoid B ? Of course the same question makes sense for more general compact subsets B ⊂ C q , for example the convex ones. Using proper map techniques it might be possible to prove that C p \B satisfies CAP n for n small compared to p (perhaps even for all n < p), but the main test case is n ≥ p. What makes this problem particularly intriguing is the absence of any obvious obstruction; indeed C p \B is a union of Fatou-Bieberbach domains.
Problem 6.6. Suppose that every holomorphic map from a ball B ⊂ C n to Y (for any n ∈ N) can be approximated by entire maps C n → Y . Does Y enjoy the Oka property ?
This question appears in [24] , p. 881, 3.4.(D). Our feeling is that it may be possible to obtain an affirmative answer by refining the underlying geometry used in our proof. We refer to [19] where such extension-interpolation result is proved under the hypothesis that Y admits a dominating spray.
